Abstract-Allocating wireless resources often relies on the accurate feedback of channel state information (CSI). In this paper, we study how strongly a multiuser OFDM downlink with single-cell scheduling and channel estimation suffers from feedback delay. Unlike previous work, we study this degradation for optimal joint power and rate allocation under fairness constraints. Comparing the performance of the ideal case to delayed CSI shows that (i) adjusting the scheduler's fairness cannot mitigate the strong performance loss due to feedback delay but that (ii) simple linear channel prediction is a powerful tool to do so.
I. INTRODUCTION
Channel-aware scheduling and resource allocation has be come an integral component of many wireless communica tion systems as for example code division multiple access (COMA), IEEE 802. 16 , and long term evolution (LTE). In these systems, adaptive modulation and coding adjusts the data rate of each user according to its channel state. Then, a central scheduler assigns the resources (i.e., power, frequency bands, antennas) to the users according to their rates, quality of service (QoS), and fairness requirements.
Such resource allocation provides tremendous multi-user diversity gains but requires the scheduler to accurately know the users' current channel state information (CSI) prior to the transmission. Extracting this information from the received signal is infeasible when fading and interference lead to different uplink and downlink channel states. With such non reciprocal channels, we have to obtain the CSI from the users via feedback. Beside (i) errors due to measuring and quantiz ing CSI at the user side, the feedback adds (ii) transmission errors and (iii) feedback delay. Each of these three impairments causes a mismatch between the observed and the real CSI which can substantially decrease the scheduler's performance. Since feedback delay primarily defines the upper bound of the achievable data rate in many mobile scenarios [1], we focus only on this impairment for now. 
A. Paper's Contributions
In this paper we study the effect of feedback delay on gradient-based scheduling. Thereby, we make the following contributions:
• Unlike previous work [1], [2] , we investigate the effect of feedback delay on the throughput-optimal joint power and subcarrier allocation as well as for general fairness constraints.
• We study maximum throughput and proportional fair scheduling as relevant special cases and show by sim ulation that both strategies suffer equally from outdated CSI. Consequently, one cannot compensate for feedback delay by adjusting the scheduler's fairness constraints.
• However, we show that outdated CSI is at least for a maximum throughput strategy still beneficial within a relevant delay regime. We demonstrate that simple linear prediction can mitigate the performance degradation due to feedback delay in a single step.
Although the effect of feedback delay and of linear prediction was studied in earlier work, this has neither been done for the optimal joint power and rate allocation nor for general utility-based fairness constraints (see Sec. I-C).
B. Scenario
We focus on a classic scenario in wireless cellular commu nication. During the downlink, a central scheduler allocates the wireless channel resources to the multiple users within a single cell. One scheduling approach to balance user-specific QoS and fairness requirements against a global and dynamic objective (i.e., maximizing the cell's sum rate) is called gradient-based scheduling [3] .
Gradient-based algorithms select the transmission rate vec tor that maximizes the projection onto the gradient of the system's total utility [4] . The utility is a function of each user's mean throughput and quantifies fairness and other QoS considerations. In this paper, we apply gradient-based scheduling to an Orthogonal Frequency Division Multiplexing (OFDM) downlink which is the standard physical layer in modern communication systems (Le., IEEE 802.11, IEEE 802.16, 3GPP LTE) [5] . In such an OFDM system, the re source allocation problem is solved by determining (i) a subset of users for transmissIOn, (ii) the assignment of available subcarriers to selected users, and (iii) the transmission power for each subcarrier.
Following these steps, the gradient-based strategy maxi mizes the weighted sum throughput over the set of feasible rates once per time slot. Assuming efficient channel coding, it is feasible to model the rate per subcarrier by the mutual information of additive white Gaussian noise channels. By allowing users to time-share each subcarrier, we shall see that these assumptions lead to a tractable convex optimization problem.
C. Related Work and Structure
There is a large body of publications regarding optimal resource allocation in OFDM systems (see [7] - [8] just to name a few). However, most of these works are devoted to optimize static objective functions without fairness aspects and do not include the effect of feedback delay. Doing so, this paper follows the approach from [4] where the objective changes over time based on gradient-based scheduling.
Another closely related paper is [2] where the authors considered the impact of linear prediction on the throughput performance of the downlink OFDMA channel. The main difference to our work is that [2] assumed a heuristic (i.e., suboptimal) OFDMA scheduler, whereas in this work we consider an optimal scheduler over the joint space of power and subcarrier allocations. Moreover we study a class of utility maximization problems with throughput maximization and proportional fairness as special cases. Therefore, in contrast to [2] , this paper shows the system performance in the presence of feedback delay and linear prediction under optimality conditions in the sense of utility maximization with perfect channel state information at the base station.
The rest of the paper is organized as follows. Sec. II introduces the system model while Sec. III describes the scheduling method for the optimal joint subcarrier and power allocation. Simulation results for the effect of feedback de lay are investigated in Sec. IV. To mitigate this effect, we introduce a simple linear predictor and show the resulting improvement in Sec. V. I
II. S YSTEM MODEL

A. OFDM Downlink Scenario
Consider the downlink of a single cell in a cellular OFDM system consisting of a base station and a finite set K := {l, ... , IKI} of arbitrarily numbered mobile users, as depicted in Fig.I . The system's bandwidth is divided into a finite set of flat subbands and we denote the corresponding finite set of subcarriers by N := {I, ... , IN!}. Without loss of generality, we assume that each subband has a bandwidth equal to one I Notation: JR. JR+. JR++. C. Z denote the real. non-negative real. positive real. complex and integer numbers. respectively. Vectors are represented by bold lowercase letters and matrices by bold upper case letters. In denotes the vector of length n of all ones. the proper complex normal distribution is described by Nd"') and ( -) * denotes the conjugate of a complex number.
Expressions A � a or a � a with respect to a scalar a are understood element-wise. such that the system bandwidth is given by the number INI of subcarriers as well.
At an arbitrary time instance t E Z,
(1) models the received complex baseband signal at mobile k E K allocated to subcarrier n E N, where hkn (t) E C denotes the flat-fading channel gain between the base station and the mobile user at subcarrier n EN (see Sec. II-B), Skn(t) E C is the corresponding transmit signal and nkn(t) "" Nc(O, a2) the additive noise process with variance a2 > 0, for all k E K and n E N. The average transmit energy per time slot of mobile k allocated to subcarrier n is denoted by P kn(t) E IR+ and we summarize all transmit energies into the matrix P (t) := ( ( ))
I Kl x lN I P kn t k EK n EN E IR+ .
The base s tation performs a scheduling method described in Sec. III consisting of a dynamic joint subcarrier and power allocation with the aim of allocating a certain rate vector r(t) := (TI(t), ... , T I K I (t)) E IR� I with
N Xkn t a nE the rate allocated to mobile k E K at time t E Z. The coefficients Xkn(t) describe the time sharing with respect to subcarrier n EN between users (i.e., Xkn(t) denotes the frac tion of subcarrier n to mobile k at time instance t).2 We collect them into the INI vectors xn(t) := (Xln," ., X I Kln ) E IR� I .
Note that r(t) has to be an element of the feasible rate region R(t) � IR� I defined as follows.
Definition 1 (Feasible Rate Region): Let F E IR+ be the sum transmit power constraint at the base station. Then, for t E Z and with (2) the feasible rate region is given by
Remark 1: It can be easily shown that the rate functions in (2) are concave with respect to the transmit energies P kn (t) and time-sharing coefficients Xkn(t), k E K, n EN.
B. Fading Model
In this contribution, the deterministic complex envelope of the time varying flat channel gain between the base station and mobile k E K, allocated to subcarrier n E N, is modeled as [9] L hkn(t ) = La� � ei ( 27r f�� t+ ¢��) , (4) 
£=1
where L E 1N determines the number of contributing paths and The set of maximum Doppler shifts is then given by {±fk::X = ±f n � h ElC ,n EAf and will substantially affect the performance of the channel predictor in Sec. V.
III. SCHEDULING METHOD
Schedulers not only aim to maximize the cell's sum rate but have to account for fairness among the users. By optimizing the sum rate while addressing fairness by utility functions, channel-aware gradient-based scheduling [4] is one approach to do so. We will describe this approach as follows.
Let T(t) := {to, ... , t -2, t -I} C Z be the time span up to t -1 E Z since scheduler initialization at to E Z. Then, the average throughput of mobile user k E K up to time t E Z is defined as Vk(t) := I T ( t)1 L t ' E T (t) rk(t') and we summarize these rates in vector v(t) := (v 1 (t), ... ,v llCl (t)) E JR� I . Based on v(t) we want to evaluate the system performance by a continuous concave (strictly increasing in each entry) utility function U : JR� I -+ 1R. More specifically, we consider the space of utility functions of the kind U ( v(t) ) := L k ElC Uk (Vk(t)), Uk : JR+ -+ JR, with (5) The parameter a E [a, 1] allows us to adjust the degree of fairness between mobile users (see Sec. IV-B).
We are interested in a dynamic scheduling method that increases system performance by allocating at time t E Z a rate vector r(t) E R(t) which maximizes the projection onto the gradient of U (v( t)). The resulting scheduling problem can be explicitly stated as follows.
Problem 1: Let t E Z be arbitrary but fixed and let Ihkn(t)12 and 0' 2 be known to the base station for all k E K 3For Monte Carlo simulations in Sections IV and V we view (4) as the realization of a stochastic process.
and n E N. Then, the problem to solve is max '\7vU(v(t){ r(t) = max L Vk(t)',, -1rk(t) , r(t)E'R(t) r(t)E'R(t) k E lC (6) where '\71.1 denotes the Nabla operator with respect to v(t).
Remark 2: Because of Remark 1 and the convexity of the feasible rate region it follows that Problem 1 is convex and it can be shown that Slater's condition and strong duality holds.
For the rest of the paper we focus on the special case Xkn(t) E {a, I} for all k E K, n E Na nd t E Z (i.e., only one user per subcarrier is allowed).
The rate of mobile user k E K at arbitrary t E Z, resulting from an optimal solution of Problem 1 (i.e., an optimal joint subcarrier and power allocation), is denoted as r * (t) = � x* (t) log ( 1 + P k n (t) lh kn(t W) .
Provided that perfect CSI is available at the base station, (7) can be achieved by solving Problem 1 described as follows. Using a standard Lagrange dual approach, the optimal dual variables can be obtained by solving (8) and (9) below via an iterative one dimensional search:
Ihk :�t )12 ) (10) and f : JR+ x JR++ -+ JR, { a,
The primal optimal subcarrier allocation for each k E K and n E N is then achieved by and the corresponding primal optimal power allocation by the water-filling solution
( 3) Remark 3: Due to the constraints with respect to the sub carrier allocations in (3) it is possible that in the optimal subcarrier allocations (12) more than one mobile user is allocated to the same subcarrier. However, in such cases the mobile user with the largest transmit power is chosen which does not violates the sum power constraint P. 
IV. EFFECT OF FEEDBACK DELAY
The feedback delay T forces the scheduler to use the outdated CSI hkn(t -T) where t, T E Z. When the downlink varies in time, this leads to a mismatch between (i) the actual channel state and (ii) the CSI used for scheduling, that is hkn(t -T) -=I-hkn(t). Based on (7), we denote the resulting rate allocation by Tk(t) = """' x* (t _ T)lo g ( 1 + Pkn (t -T)lhkn(t)1 2 ) ,
� kn x* (t -T) O'2 nEN kn (14) k E K, and the solutions of Problem 1 by Pkn (t -T) and x kn (t-T). Before we numerically compare the rate allocation under the influence of feedback delays (14) to the optimal allocation (7), let us briefly discuss the causes and typical values for the feedback delay.
A. Feedback Delay
By feedback delay T we denote the total time lag between measuring the CSI and using it during a scheduled transmis sion. In most practical systems, T consists of transmission time, processing time, and waiting time for a scheduling grant or for a different medium access control (MAC) scheme.
As an example, Tab. I summarizes such delays for LTE systems that follow current 3GPP standards [10] . These delays occur at the base station (BS) or at the user nodes, are given in subframes, and add up to T. The delay may vary between 5 :::; T :::; 10 subframes depending on how quickly the BS solves the resource allocation problem. Consequently, many current LTE systems have a feedback delay of at least 6 subframes.
B. Maximum Throughput vs. Proportional Fair
Working with component utility functions as in (5) allows us to adjust the fairness between maximum throughput and proportional fair [4] , [11] . Maximum throughput achieves highest sum rate but discriminates users with low channel gain. A typical result are starving users at the cell edge. Proportional fair scheduling solves this issue at the cost of the maximum possible sum rate. Thus, both scheduling strategies are widely used in practice. Now, we use the gradient-based scheduler described in Sec. III to study the effect of feedback delay on the average sum rate for both scheduling strategies. Setting a = 1 in (5) yields the maximum throughput strategy while we select proportional fairness by a = O. As a third scheduling strategy we study "round robin", where each subcarrier is assigned to users in circular order determined by a deterministic function 9 : K x N x Z ---+ {O, I}, with equal power allocation over subcarriers and Gaussian codebooks. Since round robin does not depend on CSI feedback it provides a reasonable lower baseline for comparing the performance degradation due to outdated CSI. Hence, in comparison to (7) and (14) round robin leads to rate allocations
for each k E K and t E Z. (15) Without loss of generality let P and 0' 2 such that J .JIa2 = 1.
Then, the expected round robin signal-to-noise ratio (SNR) at
which we use to determine appropriate receiver operating points. 4 We simulate the downlink and feedback transmissions within a single cell using typical LTE parameters. We choose a subframe duration of 1 ms and fix the number of subcarriers to INI = 50 [10] . For each subcarrier, we assume the channel to be frequency-flat (see Sec. II-B). Thus, INI = 50 is equivalent to the 50 physical resource blocks (PRBs) of an LTE system with 10 MHz bandwidth [5] . Finally, we assume IKI = 10 active users per cell, as common in macro cellular environments [12] .
Each of the fading channels consist of L = 4 ij.d.
propagation paths (cp. Sec. II-B). For the maximum Doppler shift, we choose fk':' E {10, 44, 66, 100} Hz, for all k E K and n E N. These values correspond to maximum user speeds between 1.5 and 15 mls at 2 GHz carrier frequency.
Further, we introduce a certain degree of unfairness by setting the mean receiver operating points of two users k1, k 2 E K to SNR�l n (t) = -lO dB and SNR�l n (t) = -20 dB, re spectively, for all t E Z and all corresponding subcarriers (i.e., subcarriers {n E Nlg(k1,n,t) = 1,t E Z} and {n E Nlg( k 2 , n, t) = 1, t E Z}) while the receiver operating points of the remaining mobile users k E K \ {k1, k 2 } are set to 0 dB. Fig. 2 shows that the maximum throughput strategy and the proportional fair rule suffer exactly the same from feedback delay. At this low Doppler shift, proportional fairness performs worse than round robin when the feedback delay exceeds 7.5 ms. This means that even with slow channels, round robin should be preferred for higher feedback delays.
As feedback delay equally affects maximum throughput and proportional fair scheduling, we will limit to maximum throughput in the following section. 
V. LINEAR CHANNEL PREDICTION
To compensate for the degrading effect of feedback delay, a channel predictor can support the joint subcarrier and power allocation procedure by predicting future channel states from previously received CSL To investigate the usefulness of prediction in the presence of optimal scheduling and a deterministic channel model, we will now apply a standard non-recursive prediction method from [13] , [14] to scheduling and will provide some performance results.
A. One-Step Prediction Method
As in (1), hkn (t) E C represents the channel gain at an arbitrary but fixed time instance t E Z between mobile k E K allocated to subcarrier n E N, unknown to the base station.
Using previously known samples of the channel, we define the prediction of hkn (t) as (17) with 'Yk� E c, T = 1, ... ,p, the predictor coefficients and p E IN being the predictor depth (i.e., number of samples).
The question regarding an appropriate choice of the pre dictor coefficients can be answered by using the well known covariance method for deterministic time series [13] , that is, solving the linear equation system -Ckn = Cknl kn ' k E K, n EN , --,-------.------.------,----- identify b kn h EK.,nEN . Using the solution Ikn in (17) leads to the desired prediction hkn (t) .
Based on the predicted channel coefficients, solving Prob lem 1 with the scheduler described in Sec. III leads for arbitrary t E Z to rate allocations
where k E K. To evaluate the suitability of a simple linear one step predictor in practical situations, we will now compare the rate allocations from (19) to those from (14) .
B. Simulation Examples
To evaluate how effective the above one-step prediction supports the scheduler, we choose a predictor depth of p = 150 (see Sec. V-C for a motivation). Due to a channel sampling frequency of 10 3 Hz, p can be considered to be in ms. The round robin operating point is now set to 0 dB, for all k E K.
All other simulation parameter match to Sec. IV-B. The corresponding simulation results for different maximum Doppler shifts are depicted in Fig. 3 and Fig. 4 . As one would expect, if the maximum Doppler shift is sufficiently low, the linear predictor performs well since it requires CSI observations to predict the future channel condition. When the channel evolves too quickly, the observed CSI may not contain sufficient information for prediction purposes and the predictor has difficulties to track the channel appropriately. As indicated in Fig. 4 it may even happen for high user mobility that scheduling with predicted CSI is worse than round robin.
C. A Remark on the Choice of the Predictor Depth
Finally, we study how the predictor depth p E IN affects the scheduling performance. Identifying the optimal value for p is non-trivial since this is an estimation problem by itself [15] . Nonetheless, Monte Carlo simulation provides us a first look in Fig. 5 . Here, the normalized average sum rate is shown 
Feedback Delay [ms] Effect of the predictor depth p on the average sum rate for a feedback delay of T = 5 ms and different maximum Doppler shifts rax E {44, 66, 100} Hz.
versus p for an exemplary fixed feedback delay T = 5 ms and different maximum Doppler shifts.
Apparently, there exists at least in the considered range of p an unique global optimal predictor depth p * = 150. This value is independent of the maximum Doppler shift and was used in the simulations of Sec. V-B. As shown, adjusting p trades off the average sum rate versus computational complexity since choosing a higher p increases processing delay.
VI. CONCLUSION
We studied how strongly feedback delay degrades the performance of gradient-based scheduling. Accounting for different fairness constraints, round robin and linear prediction, we can conclude: I) Maximum throughput and proportional fairness equally suffer from outdated CSI (see Fig. 2 ). Thus, increasing fairness does not change the effect of feedback delay.
2) Linear channel prediction substantially mitigates the effect of feedback delay. This simple but stable method already increased the rate by up to 30 % (Fig. 3) . This gain improves for slower channels where adaptive re source allocation (and thus CSI) becomes more relevant. 3) Outdated channel information is useful in relevant delay regions. Even at a typical LTE delay of 6 ms, CSI based scheduling outperforms round robin by up to 27 % without and by up to 65 % with channel prediction (Fig. 3 and Fig. 4 ).
These conclusions give clear guidelines for designing future systems. To improve the sum rate, current feedback procedures need to be assisted by channel prediction. Our results for linear prediction show that this is feasible today. Furthermore, feedback delay needs to be reduced. This can be realized by introducing channel reciprocity [16] or by fast feedback protocols. Both are challenging fields for future research.
